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Abstract
The nonlinear dynamics of an airfoil at Reynolds number Re = 10, 000
constrained by two springs and subject to a uniform oncoming flow is stud-
ied numerically. The studies are carried out using open source computational
fluid dynamics toolbox OpenFOAM. Under certain conditions related to aero-
dynamic flutter, this two-degree-of-freedom system undergoes self-sustained
limit-cycle oscillations (LCOs) with potential application as an energy har-
vester. When the system is given a small initial perturbation, it is seen that
the response of the system decays to zero at flow velocities below the flutter
velocity, or oscillates in a limit cycle at velocities greater than the flutter
velocity. The flutter velocity at Re = 10, 000 is shown to deviate signifi-
cantly from the theoretical prediction (which is derived with an assumption
of infinite Reynolds number) owing to the eﬀect of viscosity. The LCOs
at freestream velocities higher than the flutter velocity result in unsteady
flows that are heavily influenced by leading-edge vortex shedding as well as
trailing-edge flow separation. The influence of diﬀerent system parameters
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on the onset of flutter and on the limit-cycle response characteristics is in-
vestigated in this research. This is done by defining a baseline case and
examining the eﬀects of varying aerodynamic parameters such as freestream
velocity, and structural parameters such as the pitch-to-plunge frequency
ratio and the type of spring stiﬀnesses. The conditions corresponding to
the lowest flutter velocities (and consequently the lowest “cut-in” speeds
for power extraction) and the parameter space that provide single-period,
single-amplitude and harmonic LCOs (ideal for power extraction) are identi-
fied. Calculation of instantaneous and time-averaged power is presented by
modeling the extraction of energy through a viscous damper. The highest
power coeﬃcients and eﬃciencies are obtained at velocities just higher than
the flutter velocity. Introduction of positive cubic stiﬀening in the system
springs is seen to make the system more stable, LCOs more harmonic and
single-period, and to potentially increase power extraction eﬃciency of the
system.
Nomenclature
α pitch angle
αA, hA amplitude of LCO in pitch and plunge
ω¯ = ωh/ωα frequency ratio
βα, βh coeﬃcient of cubic stiﬀening in pitch and plunge
α˙∗ = dα/dt∗ nondimensional pitch rate
h˙∗ = d(h/c)/dt∗ nondimensional normalized plunge rate
ηP power capture eﬃciency
κ = πρc2/4m inverse mass ratio
ω = 2π/T angular frequency of sinusoidal motion
ωα =
√
kα/Iα characteristic frequency of pitch mode
ωh =
√
kh/m characteristic frequency of plunge mode
CP time-averaged power coeﬃcient
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ζh = ch/2mωh nondimensional damping ratio for plunge
c airfoil chord
Cl, Cd, Cm lift coeﬃcient, drag coeﬃcient and pitching-moment co-
eﬃcient, per unit span
CP power coeﬃcient per unit span
CW nondimensional accumulated work per unit span
cα, ch pitch and plunge structural damping coeﬃcient, per
unit span
F (α), F (h) restoring force by rotational (pitch) and translational
(plunge) springs
h plunge displacement
Iα airfoil moment of inertia about pivot
k = ωc/2U reduced frequency of sinusoidal motion
kα, kh linear pitch and plunge stiﬀness, per unit span
m mass of airfoil
rα = 2
√
Iα/mc2 airfoil radius of gyration about pivot
Re Reynolds number based on c and U
Sα static moment of airfoil about pivot
T time period of sinusoidal motion
t physical time
t∗ = tU/c non-dimensional time
U freestream velocity
U∗ = U/ωαc nondimensional velocity
UF flutter velocity
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xα = 2Sα/mc distance of center of gravity aft of pivot, nondimension-
alized by c
DOF degree of freedom
LCO limit-cycle oscillation
LEV leading-edge vortex
TEV trailing-edge vortex
1. Introduction
Classical aeroelasticity treats fluid-structure interaction and its associ-
ated phenomena (such as divergence, control reversal and flutter) as unde-
sirable [1, 2], but recent studies have shown that it to beneficial in biological
flight and swimming [3, 4, 5]. One potential application is the development
of novel energy harvesters mimicking the motion of fish tails and based on
the principle of aerodynamic flutter, using the motion of a flapping wing
to drive a generator [6]. These harvesters claim significant advantages over
the majority of existing wind/water energy harvester designs which utilize
horizontal-axis or vertical-axis turbines and present challenges related to eco-
nomic viability and environmental impact [7].
The objective of this research is to investigate the nonlinear aeroelastic-
ity and dynamics of the flapping-foil energy harvester in the Re = 10, 000
regime through a detailed parametric study. The system consists of a two-
degree-of-freedom (2DOF) foil constrained by rotational and translational
springs. The system may exhibit various responses at diﬀerent freestream
velocities, depending on the several aerodynamics and structural parameters
that govern the system. The ideal response for power generation is expected
to be single-period, single-amplitude oscillations, and hence it is important
to characterize the response and behavior of the system as a function of the
various underlying parameters.
The flapping-wing harvester oﬀers promise of power generation at lower
flow velocities, with no centrifugal stress associated with rotating blades,
and with lesser noise generation and impact on the environment owing to
lower tip speeds [6, 7, 8]. Unlike conventional aerodynamic wings and rotary
turbines which require smooth attached flow for maximum eﬃciency, these
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energy harvesters mimic fish swimming in nature by promoting the formation
of large vortical structures. In particular, a leading-edge vortex is periodi-
cally formed and shed to achieve high instantaneous forces [9, 10, 11, 12] and
high propulsive [13] and power-extraction [14] eﬃciencies. The sustained os-
cillation of the flapping wing results from fluid dynamic flutter, at freestream
velocities at and above the linear flutter velocity.
Early works on theory of flutter based on linear aerodynamic formulations
by Theodorsen [15] and Theodorsen and Garrick [16] can be used to predict
the flutter velocity for a 2DOF airfoil at the inviscid limit of infinite Reynolds
number. This is the freestream velocity at which the system becomes unsta-
ble and the airfoil oscillations start to grow exponentially. The presence of
nonlinearities in the system, however, aﬀects both the flutter velocity and the
characteristics of the system response. These nonlinearities could be aerody-
namic or structural in origin and often result in single-amplitude limit-cycle
oscillations (LCOs), which can be used to extract power as described previ-
ously.
Structural nonlinearities may arise owing to large deformations, material
properties, or loose linkages [17]. The eﬀects of structural nonlinearities on
airfoil aeroelasticity have been studied extensively, focusing on various types
of nonlinear spring behavior such as bilinear or cubic variation in stiﬀness
(see Refs. [18, 19]). A comprehensive review of such studies is given by
Lee et al. [17]. These studies assume linear aerodynamics, that is, the flow is
incompressible, inviscid and attached to the airfoil. These studies showed, for
example, that hard springs (positive cubic stiﬀening) result in a supercritical
Hopf bifurcation, where LCOs occur only at freestream velocities greater
than the linear (theoretical / inviscid) flutter velocity and are independent of
initial conditions. Soft springs (negative cubic stiﬀening), on the other hand,
result in a subcritical Hopf bifurcation where LCOs may arise at velocities
below the linear flutter velocity, depending on initial conditions. Further,
chaotic oscillations were observed in a range of freestream velocities for some
choices of parameters.
Aerodynamic nonlinearities may result from compressibility or viscous
eﬀects [17]. Limit-cycle oscillations resulting from nonlinear aerodynamics
due to compressibility eﬀects (transonic flows) have been studied by Bendik-
sen [20]. Nonlinear aerodynamics caused by viscous flow phenomena are
largely dependent on the Reynolds number and the reduced frequencies in-
volved, and leading-edge vortices (LEVs) have been seen to play a crucial
role. In helicopter and wind-turbine applications, which are necessarily as-
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sociated with large Reynolds numbers and low reduced frequencies, LEVs
and the resulting dynamic stall phenomenon might lead to violent vibrations
and mechanical failure [21]. On the other hand, LEVs in low Reynolds num-
ber, high-frequency flows have been credited with contributing toward the
success of high-lift flight in insects [9, 10, 11, 12], and high propulsive [13]
and power-extraction [14, 22] eﬃciencies. Amandolese et al. [23] have shown
experimentally that viscosity has a significant eﬀect on the flutter velocity
as well as the post-flutter system response.
In recent years, high-fidelity computational aerodynamics and structural
solvers (CFD and CSD methods) coupled together have also been used to
study nonlinear aeroelasticity accurately (for instance, [24]). Peng & Zhu [25],
Zhu et al. [26], Young et al. [27] and Zhu & Peng [28] have used Navier-Stokes
solvers coupled with structural models to study energy harvesting through
flow-induced oscillations of a fully passive foil. Though time-consuming and
expensive, such studies provide great insight into the underlying physics and
nonlinear dynamics. The authors of all these studies report that LEV forma-
tion and shedding plays a key role in maximizing power-extraction eﬃciency
of the system. Kinsey & Dumas [14] have studied the power extraction eﬃ-
ciencies for various prescribed kinematics of the flapping foil and also arrived
at the same conclusion relating to leading-edge vortex shedding and eﬃ-
ciency. Zhu & Peng. [28] have elucidated the vorticity control mechanism
that results in this increased eﬃciency. A more recent numerical study by
Wang et al. [29] suggests that the high-eﬃciency scenario in a fully passive
flapping-foil system is also associated with a large pitch-plunge phase and a
“2S” wake pattern composed of two strong single leading-edge vortices shed
per cycle.
Boundary element methods such as panel methods are based on distribu-
tions of singularities on the lifting surface and are well established in the liter-
ature for computing flapping-wing propulsion and power extraction [30, 22].
A subset of these are discrete-vortex methods which have been recently em-
ployed by several authors to simulate vortex-dominated unsteady flows such
in several problems [31, 32, 33, 34, 35, 36]. Ramesh et al. [37] coupled such
a discrete-vortex method that models LEV formation and shedding with a
structural model to investigate the eﬀect of aerodynamic and structural non-
linearities on the response of a fully-passive 2DOF flat plate. Their research
showed that nonlinearity in the aerodynamics resulting from leading-edge
vortex shedding is suﬃcient to cause limit-cycle behavior. At velocities just
over the linear flutter velocity, single-period LCOs were seen, while at higher
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velocities, multi-period LCOs (of mixed frequencies and amplitudes) and sub-
sequently divergent behavior were seen. It was also shown that the addition
of positive cubic stiﬀening to the system, a structural nonlinearity, resulted
in a larger velocity range of single-period LCOs (albeit of smaller amplitudes)
and increased the velocity at which divergent behavior occurs. This study
however did not model the other nonlinearities present in the aerodynamics
such as the flow separation from the trailing edge of the airfoil and the eﬀect
of viscosity. Other low-order models that have been used to study this prob-
lem include semi-empirical ones such as the ONERA model used in Bryant
et al. [38] and Sarkar and Bijl [39].
The flapping-wing energy harvester was first proposed by McKinney &
DeLaurier [40] and has since been the subject of numerous investigations
aiming to optimize its design and performance as described earlier in this
section. The growing importance of renewable energy harvesting, and the in-
creased interest in unsteady aerodynamics inspired by flapping-wing MAVs
and flexible lifting surfaces, has provided further impetus to this research
area. Several implementations of this technology with varying levels of suc-
cess and eﬃciency are reviewed in Young et al. [6] and Xiao & Zhu [7].
Notably, Boragno et al. [41] and Boccalero et al. [42] have developed an ef-
ficient realization of the energy harvester through electromagnetic coupling
in the Reynolds number range between 5, 000–10, 000 for micro-power har-
vesting. They have also developed a simple low-order model of the system
for analytical investigations, though this does not account for the nonlinear
aerodynamics. In this paper, we do not aim to comment on the optimal
design for this problem. Rather, we are interested in characterizing the dy-
namical responses of the setup in terms of the various underlying system
parameters. With this aim, a high fidelity CFD solver is coupled with a
2DOF structural model to study the fluid-structure interaction phenomena
and limit-cycle oscillations of a flat plate at Re = 10, 000. The unsteady
aerodynamics and associated nonlinearities in this Reynolds number regime
are fairly well understood since they have been the subject of extensive in-
vestigation [31, 32, 34, 33, 35, 43, 44, 45] in the last decade (inspired by MAV
design). This Reynolds number also falls in an ideal regime where the shed
leading-edge vortices are coherent [42]. The eﬀect of various aerodynamic
and structural parameters on the 2DOF system’s passive response charac-
teristics (such as amplitude and frequency) and power generation potential
are investigated in detail. These studies, in turn, are used to identify the
ideal regimes of operation for the 2DOF flapping-foil harvester. The data
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generated through this research on limit-cycle characteristics as a function of
various underlying parameters may be used in development and calibration
of low-order models to simulate nonlinear airfoil aeroelasticity (such as those
based on discrete vortices and semi-empirical fitting, discussed previously).
The outline for the rest of the paper is as follows. A detailed description
of the theory and numerical methods employed in this research along with
suitable validation are provided in Section 2. The parametric study is carried
out in section 3 and the dependence of LCO characteristics on the relevant
structural and aerodynamics parameters is presented and studied. Finally,
the conclusions drawn from this study are listed in section 4 and the paper
summarized.
2. Numerical methods for aeroelastic modeling
An unsteady aeroelastic solver for a fully passive 2DOF airfoil is presented
in this section. For the aerodynamics, high-fidelity 2D unsteady computa-
tions are performed at Reynolds number of 10, 000 using the open-source
CFD toolbox OpenFOAM. The structural dynamic solver adopted in the
present study is able to account for geometric nonlinearities in the kinemat-
ics and for nonlinear spring stiﬀnesses.
The aeroelastic system subject to study is shown in Fig. 1(a). A rigid
flat plate is elastically supported in plunge, h, and pitch, α, and is subject
to a uniform freestream velocity U . The corresponding generalized forces
for the pitch and plunge coordinates are lift, L, and pitching moment, M ,
respectively. The structural parameters of the system - linear spring stiﬀ-
nesses kh and kα, and static unbalance xα are also depicted in Fig. 1(a).
The pivot refers to the chordwise location on the airfoil at which the springs
are attached (often referred to as elastic axis or pitch axis in aeroelasticity
literature).
2.1. Flow model
The fluid flow around the flat plate is modeled by solving the unsteady in-
compressible Navier-Stokes equations in conjunction with the Spalart-Allmaras
(SA) turbulence model [46]. The SA model is chosen for this problem because
of extensive experience in applying it successfully for unsteady, separated and
vortex-dominated flows at Re = 10, 000 such as those considered in this re-
search [43, 31, 32]. Research has also shown that this problem is not very
sensitive to choice of turbulence modeling. For example, Ol et al. [44] have
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Figure 1: (a) sketch of the physical configuration, and (b) close-up of computational mesh
around the foil.
used the k− ω model and reported no significant diﬀerences in the flow evo-
lution and force histories. Visbal [47] has studied a plunging airfoil, again
at Re = 10, 000, with high-fidelity large eddy simulations and concluded
that transitional eﬀects are minimal. Even at a higher Reynolds numbers
of 60, 000 where the eﬀects of turbulence model selection are expected to be
more important, Catalano & Tognaccini [48] have shown in a comparative
study of various turbulence models, that the SA achieves good results includ-
ing prediction of laminar separation bubbles. In the present study at low Re
(10, 000), the trip terms ft1 and ft2 in the originally published version are
turned oﬀ and at the same time the “trip-less” initial condition for ν˜ is used
following Travin et al. [49].
The governing equations are solved using the open source CFD tool-
box OpenFOAM based on a finite volume method (FVM). A second-order
backward implicit scheme is adopted to discretize the transient terms, while
second-order Gaussian integration schemes with linear interpolation for the
face-centered values of the variables are used for the gradient, divergence and
Laplacian terms. The pressure implicit with splitting of operators (PISO)
algorithm is employed to achieve pressure-velocity coupling.
A close-up of the computational mesh (from a grid study presented later)
is shown in Fig. 1(b). There are 560 nodes along the circumference of the
flat plate and the minimum mesh size next to the flat plate surface in the
radial direction is 0.001c, where c is the chord length of the flat plate. The
nondimensional mesh size next to the flat plate surface is found to be y+ < 1,
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where y+ is defined as y+ = ufy/ν with uf being the friction velocity and
y being the distance to the nearest wall. The boundary conditions for the
governing equations are as follows. The surface of the flat plate is assumed
to be smooth, where no-slip boundary condition is employed. The inflow
velocity and turbulence properties are set to be the same as the freestream
values. At the outflow boundary, the gradients of the flow velocity in the
streamwise direction is set to zero and the same turbulence properties as
the freestream ones are considered. On the two transverse boundaries, the
velocity in the direction normal to the boundary is zero and the freestream
turbulence properties are adopted.
2.2. Structural model
The kinetic energy T and potential energy U of the aeroelastic system
shown in Fig. 1(a) are given by
T =
1
2
mh˙2 − Sα cosαh˙α˙ + 1
2
Iαα˙
2
U =
∫ h
0
Fhdh+
∫ α
0
Fαdα
(1)
Applying Lagrange’s equations to the system with pitch (α) and plunge
(h) as the generalized coordinates, the dynamical model is derived as
mh¨− Sαα¨ cosα + Sαα˙2 sinα + chh˙+ Fh = L,
−Sα cosαh¨+ Iαα¨ + cαα˙ + Fα = M,
(2)
where (•˙) indicates diﬀerentiation with respect to time, m is the total mass
of the airfoil, and Sα and Iα are its static and inertia moments about the
pivot; ch and cα are structural damping coeﬃcients for plunge and pitch
coordinates; Fh = Fh(h) and Fα = Fα(α) are the restoring forces in plunge
and pitch, respectively, and can include any spring nonlinearity such as cubic
hardening/softening, bilinearity or hysteresis [17]. The interested reader may
refer to Ramesh et al. [37] for more details and the complete derivation. In the
present research, only cubic stiﬀening nonlinearity is considered, for which
Fh(h) = kh(h+ βhh
3)
Fα(α) = kα(α + βαα
3)
(3)
10
532
533
534
535
536
537
538
539
540
541
542
543
544
545
546
547
548
549
550
551
552
553
554
555
556
557
558
559
560
561
562
563
564
565
566
567
568
569
570
571
572
573
574
575
576
577
578
579
580
581
582
583
584
585
586
587
588
589
590
Eq. 2 is solved using a Newmark integration method [50] with second-order
accuracy, and with initial conditions representing a small disturbance, α(0) =
10◦ and α˙(0) = h(0) = h˙(0) = 0.
2.3. Fluid-structure interaction
The fluid-structure interaction is based on a loosely coupled approach
with a correspondingly small time step. In this approach, information is
exchanged at each time step but no subiterations are performed. The fluid-
structure interaction procedure within one simulation time step is briefly
summarized below:
1. The flow equations are solved to obtain the aerodynamic loads on the
flat plate.
2. These aerodynamic loads are applied to the structural solver to yield
the motion quantities of the flat plate.
3. Spherical linear interpolation (SLERP) of the motion quantities as a
function of distance to the objective surfaces is performed to update
the computational mesh.
4. The next time step begins with solving the flow equations on the up-
dated mesh.
2.4. Available Power and capture eﬃciency
Extraction of power from the dynamical system through a generator is
typically modeled using a viscous damper [28, 26]. Considering a setup where
energy is extracted from the plunge degree of freedom, the instantaneous
power is given by,
P = chh˙
2 (4)
Using the definitions presented in this paper, the power coeﬃcient is
calculated in terms of nondimensional parameters as,
CP =
P
1
2ρU
3c
= π
ζh(h˙∗)2
κ
ωhc
U
(5)
where ζh is the nondimensional damping ratio in plunge. The time-averaged
power (P ) and power-coeﬃcient (CP ) are obtained by averaging the instan-
taneous values over an oscillation cycle (after stable LCOs are reached).
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Estimating the total energy available in the flow in terms of the area swept
by the oscillating airfoil [51], the capture eﬃciency ηP may be approximated
as
ηP =
CP
(h/c)max − (h/c)min (6)
2.5. Verification
The numerical uncertainty for the simulations performed in this research
is quantified using the method proposed by Viola et al. [52]. The baseline
parameter set of aerodynamic and structural system parameters introduced
in sec. 3.1 are used here. Simulations of the aeroelastic system with meshes of
increasing resolutions are performed, and the uncertainty quantified for the
LCO characteristics αA, hA, k(α) and φ. Here, αA and hA are the amplitudes
of pitch and plunge limit-cycle responses, k(α) is the reduced frequency of
pitch response, and φ is the phase by which pitch leads plunge.
This method was initially developed for yacht sail aerodynamics but it
can be applied to any other application. The method is as follows: the 95%
confidence interval of any computed value is given by twice the product of
the normalized numerical uncertainty Unum and the computed value. For
example, for the angle of attack, α± Unumα.
Here we assume that the numerical uncertainty is governed by the grid
uncertainty, i.e. that the uncertainties due to other sources of errors such
as, for instance, the time step and the iterative convergence are negligible.
To compute Unum, simulations with three diﬀerent grid sizes are performed.
The number of elements Nelement of the three grids is shown in the second
column of table 1. The base grid, for which the uncertainty is computed, is
the coarsest grid (Mesh 1). The two finest grids were achieved by a uniform
refinement.
Table 1: LCO results for the baseline parameter set from uniformly refined grids.
Mesh Nelement Nc ∆r/c αA (deg) hA/c k(α) k(h) φ (deg)
1 (base) 24488 560 0.0050 68.11 0.2254 0.3464 0.3464 29.44
2 48590 1120 0.0010 69.50 0.2314 0.3453 0.3453 29.82
3 99576 2240 0.0005 69.97 0.2307 0.3471 0.3471 29.91
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Figure 2: Uncertainty quantification for (a) αA, (b) hA, (c) k(α) and (d) φ, where Φ is
the ratio between the value computed with diﬀerent grids with that computed with the
base grid (Mesh 2), and h is the ratio of the cell sizes to that of the base grid. The error
bars show the normalized uncertainty Unum.
The relative step size hi is defined as the ratio of the cell sizes of the i-th
grid to that of the base grid; and Φi as the ratio of the quantity for which the
uncertainty is assessed computed with the i-th grid to that computed with
the base grid. For example, for the angle of attack, Φ2 is the ratio between
α computed with Mesh 2 and α computed with Mesh 1.
As h approaches zero, the fit of Φi should converge to Φ0 with the order
p of the adopted numerical scheme (see for instance, Fig. 2). Given that
diﬀerent schemes are used to solve the coupled system of equations, p is
generally unknown. Therefore, a curve
Φ(h) = Φ0 + ah
p (7)
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is fitted through the computed Φi. The parameters {Φ0,α, p} can be esti-
mated by a least squares method for any number of tested grids.
If the fitted curve converges asymptotically towards Φ0 (here we state
this condition as p ≥ 0.95), then the extrapolated value Φ0 is the expected
value of Φ for an infinitely fine grid. This allows estimating the error of the
base grid as
δ = |1− Φ0|. (8)
The grid uncertainty is then given by
Unum = 1.25δ (9)
where 1.25 is a safety factor [53].
If the fitted curve does not converge (p < 0.95), then we estimate the
error of the base grid as
δ = max(Φhi)−min(Φhi), (10)
and the grid uncertainty is computed as
Unum = 1.5δ, (11)
where 1.5 is a more cautious safety factor [53].
The computed values of α, ha, k(α) and φ for the three grids are presented
in table 1. The fit with eqn. 7 of the computed values of α, ha and φ, resulted
in converging trends with p ≥ 0.95, hence the uncertainty was computed
with eqn. 9. Conversely, convergence was not found for k(α) and, hence,
the uncertainty was computed with eqn. 11. The maximum uncertainty,
however, is smaller than 4% for each of these values. In particular, we found,
α = α± 0.039α; hA = hA ± 0.031hA;
k(α) = k(α)± 0.013k(α); φ = φ± 0.021φ.
2.6. Validation
The numerical methods discussed above are validation against published
experimental and numerical data in this section. As published data for fully
passive fluid-structure interaction at low Reynolds number is virtually non-
existent, validation is presented for prescribed kinematics.
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Figure 3: 25◦ (top) and 45◦ (bottom) ramp-hold-return pitch about leading edge: compar-
ison of lift coeﬃcient (left) and drag coeﬃcient (right) from present CFD method against
experimental and CFD data published by Ramesh et al. [31]. Dotted vertical lines depict
the time instants used to visualize flow in fig. 4.
Data from Ramesh et al. [31] for the ramp-hold-return pitch kinematics
given by Eldredge’s canonical formulation [45] is used to validate the flow
model used in this paper. The reader may refer to [31] for detailed informa-
tion about the kinematic equations and the experimental and computational
methods used. This dataset is chosen for validation because of being at
the same Re = 10, 000, similar flat plate geometry, and similar flow physics
involving massive flow separation and vortex shedding.
Pitch ramp motions with amplitudes of 25◦ and 45◦, and pivot about
leading edge are considered. The pitch history for these motions is shown on
the right axis in figure 3. On the left axis, lift and drag coeﬃcients from the
current CFD method are compared against predictions from experiment and
CFD published in [31].
Figure 3 shows that the force predictions from the current method com-
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pare very well with published data, with the acceleration peaks at the ramp
corners being better resolved in the current method. In figure 4, experimen-
tal dye flow-visualization plots for these cases from Ramesh et al. [31] are
compared against vorticity contours from the current CFD method. The
time instants at which flow is compared are marked in fig. 3 and have been
selected to depict various stages of LEV evolution in the two cases.
Figure 4: 25◦ (top two rows) and 45◦ (bottom two rows) ramp-hold-return about leading
edge: flow visualization comparison between experiments from Ramesh et al. [31] and
present CFD at four instants during the motion. The corresponding time instants are
marked in fig. 3.
Comparison of the flow fields shows that the shapes and locations of
the separated shear layers and vortex structures, and their convection, are
predicted correctly by the current CFD model. This establishes confidence
in using this model for studying fully passive fluid-structure interaction in
the next section.
3. Results and Discussion
In this section, the flutter velocity and LCO characteristics of the aeroe-
lastic system described in sec. 2 are investigated. In sec. 3.1, a baseline set
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of structural and aerodynamic parameters are defined, and LCO response
characteristics for this case are presented. In sec. 3.2, the eﬀect of increas-
ing freestream velocity on the system response is investigated. The natural
frequencies of the pitch and plunge modes depend on the spring stiﬀnesses,
and mass and inertia of the plate (as defined in the nomenclature). The ratio
of plunge natural frequency to pitch natural frequency gives the frequency
ratio ω. This parameter, an important structural property of the system,
is systematically varied in sec. 3.3 and its influence on onset of flutter and
LCOs is studied. Variation in spring stiﬀness through the addition of positive
cubic stiﬀening is investigated in sec. 3.4. The eﬀect of initial conditions and
subcritical oscillations of the aeroelastic system are studied in sec. 3.5. Fi-
nally, power extraction from the system (modeled through viscous damping)
is studied in sec. 3.6.
3.1. Baseline case
Table 2: Base parameter set used in the present study.
Parameter Symbol Value
Pivot location (0–1) xp 0.35
Static unbalance xα = 2Sα/mc 0.05
Radius of gyration rα = 2
√
Iα/mc2 0.5
Inverse mass ratio κ = πρc2/4m 0.05
Frequency ratio ω = ωh/ωα 0.25
Cubic stiﬀening - pitch βα 0.0
Cubic stiﬀening - plunge βh 0.0
Damping ratios ζh, ζα 0.0, 0.0
Flutter velocity U∗F 1.55
Freestream velocity U∗ 1.6 (U∗/U∗F = 1.03)
Initial conditions - pitch α(0), α˙(0) α(0) = 10o, α˙(0) = 0
Initial conditions - plunge h(0), h˙(0) h(0) = h˙(0) = 0
The base parameter set for the numerical simulations performed in this
study is listed in table 2. A 2.3%-thick flat plate with semi-circular leading
and trailing edges is considered. The chord length is chosen as a reference
length scale and typical representative values for the structural parameters
are chosen. The nondimensional distance of the pivot aft of the leading edge
is xp = 0.35, the static unbalance of the flat plate is xα = 0.05, its radius of
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gyration rα = 0.5, frequency ratio ω = 0.25, and inverse mass ratio κ = 0.05.
No cubic stiﬀening is added (the springs are linear), no structural damping
is included, and the initial condition is a 10o pitch displacement.
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Figure 5: Baseline case: limit-cycle response for the parameters listed in Table 2. Time
variation of (a) pitch angle, (b) plunge per unit chord, (c) lift coeﬃcient, (d) drag coeﬃcient
and (e) pitching moment coeﬃcient. Plots (f) and (g) are phase-plane plots for pitch and
plunge responses, (h) and (i) are PSD plots (in dB/Hz) for the pitch and plunge responses.
The flutter velocity for the baseline configuration is found to be U∗F =
1.55. At all values of freestream velocity below the flutter velocity, the sys-
tem has positive damping and its response decays from the provided initial
condition to zero. At the flutter velocity, the system has zero damping and
undergoes oscillations based on the initial disturbance with no growth or
decay. At higher velocities, the system is negatively damped. According
to linear aeroelastic theory, the pitch and plunge oscillations of the system
should increase indefinitely. However, when the pitch and plunge oscilla-
tions are suﬃciently large, flow separation and vortex shedding occur. These
aerodynamic nonlinearities prevent the response from increasing indefinitely,
18
1004
1005
1006
1007
1008
1009
1010
1011
1012
1013
1014
1015
1016
1017
1018
1019
1020
1021
1022
1023
1024
1025
1026
1027
1028
1029
1030
1031
1032
1033
1034
1035
1036
1037
1038
1039
1040
1041
1042
1043
1044
1045
1046
1047
1048
1049
1050
1051
1052
1053
1054
1055
1056
1057
1058
1059
1060
1061
1062
resulting in limit-cycle oscillations [37]. The LCOs of the baseline system at a
freestream velocity just above the flutter velocity, U∗ = 1.03U∗F are presented
in fig. 5.
Figures 5(a) and (b) show the limit-cycle responses in pitch and plunge
against nondimensional time after a “steady-state” is reached. The insets
in these plots show the entire history of the response, increasing from the
given initial condition to the limit-cycle state. Figs. 5(c), (d) and (e) are
plots of the lift, drag and pitching moment coeﬃcients for the flat plate,
which also exhibit LCOs. Figs. (f) and (g) are phase-plane diagrams of the
pitch and plunge responses, and (h) and (i) are plots of their Power Spectral
Density (PSD) depicting the frequency of response. It is evident from the last
four subplots that the responses are single-amplitude and single-period. The
horizontal axis on the PSD plots is the reduced frequency k. The reduced
frequencies of the pitch and plunge responses are seen to have the same value.
(a)t∗/T ∗ = 0.0 (b)t∗/T ∗ = 0.25 (c)t∗/T ∗ = 0.5 (d)t∗/T ∗ = 0.75
(e) wake structure
Figure 6: Baseline case: vorticity contours for the limit-cycle response at four equally
spaced time intervals over one period of oscillation (top), wake structure (bottom).
Fig. 6 shows the vorticity contours during one period of LCO for the
baseline case, at four equally spaced instants in the cycle. It is seen that
leading-edge vortices are shed alternatively from the upper and lower surfaces
of the flat plate: (a) and (b) show an LEV forming on and being shed from
the lower surface of the flat plate, (c) and (d) show an LEV forming on and
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being shed into the wake from the flat plate upper surface. Fig. 6(e) shows
the trailing wake structure ensuing from LCOs and shed vortices.
3.2. Eﬀect of freestream velocity
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Figure 7: Eﬀect of freestream velocity: comparison of LCO characteristics for increasing
values of U∗ (from left to right). First row: pitch angle; second row: plunge per unit
chord; third row: phase-plane plots for pitch; fourth row: phase-plane plots for plunge;
fifth row: PSD plots (in dB/Hz) for pitch (left axis) and plunge (right axis).
In this section, the eﬀect of increasing freestream velocity on the aeroelas-
tic response of the system is studied. In addition to the baseline freestream
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velocity which is just over the flutter velocity (1.03U∗F ), two higher velocities
(5U∗F and 10U
∗
F ) are considered. All other parameters are maintained at their
baseline values. Comparison of the LCO characteristics for these three cases
is presented in fig. 7. The first and second rows in fig. 7 show the oscillation
response of the system in pitch and plunge respectively, after a “steady” (re-
peating) behavior is attained. Initially, as freestream velocity increases, the
pitch response decreases in amplitude and becomes non-sinusoidal (though
still periodic) while the plunge response increases in amplitude and also at-
tains a nonzero mean value (drift). When the freestream velocity is increased
even higher (from 5U∗F to 10U
∗
F ), the pitch response is unaﬀected while the
main change in plunge response is the increase in mean drift.
The third and fourth rows in fig. 7 show the phase-plane plots for pitch
and plunge responses at the three freestream velocities. These confirm the
earlier findings. The pitch response has a zero mean value at all velocities; as
freestream velocity increases, the response first decreases in amplitude and
becomes non-sinusoidal, and is subsequently unaﬀected. The plunge response
starts oﬀ with a zero mean value which then increases with increasing velocity.
The fifth row of fig. 7 contains the PSD plots for pitch and plunge
oscillations. The reduced frequency of response decreases with increasing
freestream velocity as is the same value for both pitch and plunge responses
at all velocities.
The responses are stable and periodic even at high reduced frequencies,
in contrast to the observations of Ramesh et al. [37] that the LCOs become
“multi-amplitude” and then divergent at high velocities. This is owing to
the fact that the latter study was carried out in the limit of infinite Reynolds
number whereas the present study is at Re = 10, 000 where viscous eﬀects
dominate and provide stability to the system.
Vorticity contours for the three cases with diﬀerent freestream velocities
are shown in fig. 8. Though the unsteady flows in all three cases are massively
separated with large-scale flow separation and vortex shedding, the vortex
structures for the lowest velocity are seen to be stronger and more concen-
trated. At high freestream velocities, the leading edge vortices formed are
deformed and diﬀused/smeared before being shed into the wake. This is also
a reflection of the reduced frequency decreasing with increasing freestream
velocity. It is a well known result in unsteady fluid dynamics that high-
k kinematics lead to flows dominated by alternating and intermittent LEV
shedding with negligible flow separation (akin to those seen in insect flight)
while low-k kinematics lead to a dynamic-stall type behavior where the flow
21
1181
1182
1183
1184
1185
1186
1187
1188
1189
1190
1191
1192
1193
1194
1195
1196
1197
1198
1199
1200
1201
1202
1203
1204
1205
1206
1207
1208
1209
1210
1211
1212
1213
1214
1215
1216
1217
1218
1219
1220
1221
1222
1223
1224
1225
1226
1227
1228
1229
1230
1231
1232
1233
1234
1235
1236
1237
1238
1239
t∗/T ∗ = 0.0 t∗/T ∗ = 0.25 t∗/T ∗ = 0.5 t∗/T ∗ = 0.75
Figure 8: Eﬀect of freestream velocity: comparison of vorticity contours at equally spaced
instants during the response cycle. First row: U∗/U∗F = 1.03; second row: U
∗/U∗F = 5.0,
and third row: U∗/U∗F = 10.0
separation and LEV formation are coupled and the LEV is stretched before
being shed into the wake [37].
3.3. Eﬀect of frequency ratio
The eﬀect of varying the frequency ratio which is a measure of the relative
spring stiﬀnesses in plunge and pitch, is studied in this section. In addition
to the baseline ω = 0.25, four additional values of 0.5, 0.75, 1.0 and 1.2 are
considered. All other parameters are maintained at their baseline values. The
onset of flutter depends strongly on this parameter, and the flutter velocities
for the frequency ratios considered are shown in fig. 9. The figure also shows
the theoretical values of the flutter velocity for the same parameters from
the theory of Theodorsen and Garrick [16], published by Murua et al. [54].
We note that this latter flutter condition is determined in the inviscid limit
of infinite Reynolds number.
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Figure 9: Eﬀect of frequency ratio: flutter velocity variation with frequency ratio (ω)
compared against inviscid prediction from Murua et al. [54].
In general, we observe that the flutter velocity at Re = 10, 000 (present)
is higher than the theoretical prediction, owing to the eﬀects of viscosity
and diﬀusion which increase the stability of the system. For ω = 0.25–0.75,
the viscous flutter velocity is only slightly higher than the inviscid value.
However, at frequency ratios of 1.0 and 1.2, large diﬀerences in the flutter
velocity predictions are observed. The theoretical prediction (in the limit
of infinite Reynolds number) shows a steep fall in the flutter velocity near
ω = 1, which is not seen in the results from viscous simulations.
In energy-harvesting systems that extract power from supercritical LCOs,
the flutter velocity is also the “cut-in” speed for power generation. The lowest
cut-in speed for this choice of parameters (section 3.1) is seen to occur at
ω = 0.75.
Figure 10 shows bifurcation plots of pitch and plunge response against
freestream velocity, for the diﬀerent values of ω discussed above. The data
points for each value of freestream velocity in these plots are the pitch angle
(α) when pitch rate is zero (α˙∗ = 0), and the plunge displacement (h/c)
when plunge rate is zero (h˙∗ = 0), respectively.
In the baseline case ω = 0.25, the pitch response is single-period with
a mean value of zero for the full range of freestream velocity. The pitch
amplitudes are highest at velocities just above the flutter velocity, and then
reduce and become nearly constant after U∗/U∗F = 3. The plunge responses
are also single-period for the full range of velocities, but have a non-zero mean
value (drift) after about U∗/U∗F = 3. This drift increases with increasing
freestream velocity.
As the frequency ratio is increased from ω = 0.25 to ω = 0.75, the stiﬀness
of the translational spring is increased and consequently the drift in plunge
response is seen to reduce (figure 10). At frequency ratio of ω = 1, the single-
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Figure 10: Eﬀect of frequency ratio: bifurcation characteristics of pitch (left) and plunge
(right) with freestream velocity for diﬀerent ω. The horizontal and vertical gray lines in
the plots denote zero oscillation amplitude and U∗/U∗F = 1.0 respectively.
period behavior of the system is lost and both pitch and plunge responses
evince oscillations with multiple amplitudes. An analysis of the response’s
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power spectral density (in sec. 3.4) shows that the response is not chaotic
as there is no spread of frequencies. There is one dominant frequency peak
similar to that seen in the earlier limit cycle oscillations (figures 5, 7), and
in addition, there is a secondary frequency close in magnitude to the dom-
inant one but with lower density. As a result of this secondary frequency,
the system response changes from limit-cycle oscillations to “quasiperiodic”
oscillations and the local maxima in these latter oscillations are no longer
constant. These type of quasiperiodic oscillations in fluid-structure interac-
tion have been reported by Ramesh et al. [37], Sarkar & Bijl [39] and Bose
& Sarkar [55]. A detailed dynamical analysis of this phenomenon is beyond
the scope of this paper. It is apparent that these oscillations with peaks
of varying magnitudes are not suitable for the purpose of harvesting power.
The frequency ratio of ω = 1.2 also exhibits oscillations with varying peaks
at all values of freestream velocity above the flutter velocity.
3.4. Eﬀect of cubic stiﬀening
In this section, the eﬀect of positive cubic stiﬀening (“hard spring”) on
LCO characteristics in various regimes is studied.
In the first instance, the baseline parameters in table 2 are considered but
with βα = βh = 3. The limit-cycle responses for U∗/U∗F = 1.03 with linear
and hard springs are compared in figure 11. Positive cubic stiﬀening in this
case results in reduction of oscillation amplitude in both pitch and plunge.
The phase-plane plots show that the the addition of cubic stiﬀness makes the
responses more harmonic in nature. The change in stiﬀness also aﬀects the
reduced frequency of the response, and both pitch and plunge responses are
seen to have a higher reduced frequency than in the baseline case.
Next, the same cubic stiﬀening (βα = βh = 3) is added to the baseline case
at a higher freestream velocity, where U∗/U∗F = 5.0. The plunge response
with and without cubic stiﬀening is analyzed in figure 12. At this velocity,
the system with linear springs shows a significant drift in plunge, i.e. a non-
zero mean value. The addition of cubic stiﬀening results in a reduction in
drift. This result is also illustrated through the phase-plane plots in figure 12.
Finally, the aeroelastic system with frequency ratio ω = 1.0 is considered,
at freestream velocity U∗/U∗F = 2.0. The plunge response characteristics
with linear and cubic springs are plotted in fig. 13. As in the other two cases
examined above, cubic stiﬀening is seen to impart stability to the aeroelas-
tic system. The plunge displacement and phase-plane plots show that the
quasiperiodic oscillations with the linear springs become single-period LCOs
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Figure 11: Eﬀect of cubic stiﬀening: comparison of LCO characteristics between linear
springs (βα = βh = 0) and cubic springs (βα = βh = 3) at ω = 0.25 and U∗/U∗F = 1.03.
First row: pitch angle; second row: plunge displacement; third row: phase-plane plots for
pitch; fourth row: phase-plane plots for plunge; fifth row: PSD plots (in dB/Hz) for pitch
(left axis) and plunge (right axis).
on addition of cubic stiﬀening. The PSD plot shows that the small sec-
ondary frequency disappears and that there is only fundamental frequency
at a higher value than the baseline response frequency.
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Figure 12: Eﬀect of cubic stiﬀening: comparison of LCO characteristics between linear
springs (βα = βh = 0) and cubic springs (βα = βh = 3) at ω = 0.25 and U∗/U∗F = 5.0.
First row: plunge displacement; second row: phase-plane plots for plunge.
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Figure 13: Eﬀect of cubic stiﬀening: comparison of LCO characteristics between linear
springs (βα = βh = 0) and cubic springs (βα = βh = 3) at ω = 1.0 and U∗/U∗F = 2.0.
First row: plunge displacement; second row: phase-plane plots for plunge; third row: PSD
plots (in dB/Hz) for plunge.
3.5. Eﬀect of initial conditions
For a linear aeroelastic system, it is well known that only a supercritical
bifurcation in response occurs at the flutter velocity [17, 37]. For a system
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with nonlinearities however, a subcritical bifurcation is also possible which
may result in limit-cycle oscillations at flow velocities below the flutter ve-
locity. For the small baseline initial conditions considered in this research
(α0 = 10◦), no subcritical LCOs were observed. To investigate the influ-
ence of initial conditions, the baseline parameters with U∗/U∗F = 0.94 (below
flutter velocity) were considered along with two initial conditions: α0 = 10◦
(small) and α˙0 = 60◦/s (large). The comparison of responses is given in
Fig. 14. For the small initial condition, the response converges to zero as
already seen. For the large initial condition, the response of the aeroelastic
system develops into limit-cycle oscillations. Though the baseline structural
dynamics is completely linear, the aerodynamic solution in this research is
from the Navier-Stokes equations and may contain nonlinearities such as
trailing-edge flow separation, resulting in LCOs. Such subcritical LCOs in
an aeroelastic system have also been reported by Sarkar & Bijl [39], for ex-
ample.
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Figure 14: Eﬀect of initial conditions: response at U∗/U∗F = 0.94 with other parameters
at baseline value. Left: small initial condition of α0 = 10◦, right: large initial condition
of α˙0 = 60◦/s. Top row shows pitch angle and bottom row shows plunge displacement.
3.6. Eﬀect of power extraction (modeled through damping)
In the previous sections, we have studied the LCOs and dynamics of
a perfectly elastic system without structural damping. In this section, we
study the extraction of power from the system, modeled by viscous damping
in plunge. First, the baseline case analyzed in sec. 3.1 is considered with
diﬀerent values of damping ratio in plunge (0.1, 0.15, 0.2). The LCO prop-
erties for these cases are presented in fig. 15. For the smaller two values
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of damping ratios, the LCO dynamics are not significantly aﬀected and are
similar to those of the baseline case. In the case of ζh = 0.2 we see changes
in plunge history and phase plane plots. Power extracted from the system
increases proportionally with the damping factor as seen in the fourth row
of fig. 15. However, large values of damping ratio also modify the dynamics
of the system, including the flutter onset velocity. For values of ζh > 0.2
with the same freestream velocity, converged responses and no LCOs were
observed.
ζh = 0.1 ζh = 0.15 ζh = 0.2
550 570 590 610 630 650
-90
-45
0
45
90
t *
 (d
eg
)
550 570 590 610 630 650
-90
-45
0
45
90
t *
 (d
eg
)
550 570 590 610 630 650
-90
-45
0
45
90
t *
 (d
eg
)
550 570 590 610 630 650
-0.2
-0.1
0
0.1
0.2
t *
h/
c
550 570 590 610 630 650
-0.2
-0.1
0
0.1
0.2
t *
h/
c
550 570 590 610 630 650
-0.2
-0.1
0
0.1
0.2
t *
h/
c
-0.2 -0.1 0 0.1 0.2
-0.2
-0.1
0
0.1
0.2
h/c
-0.2 -0.1 0 0.1 0.2
-0.2
-0.1
0
0.1
0.2
h/c
-0.2 -0.1 0 0.1 0.2
-0.2
-0.1
0
0.1
0.2
h/c
550 570 590 610 630 650
0
0.02
0.04
t *
C P
550 570 590 610 630 650
0
0.02
0.04
t *
C P
550 570 590 610 630 650
0
0.02
0.04
t *
C P
CP = 0.00821, ηP = 2.16% CP = 0.0123, ηP = 3.25% CP = 0.0159, ηP = 4.39%
Figure 15: Eﬀect of damping ratio: comparison of LCO characteristics for increasing values
of ζh (from left to right). First row: pitch angle; second row: plunge per unit chord; third
row: phase-plane plots for plunge; fourth row: power coeﬃcient.
In sec. 3.2, LCOs were studied for flow velocities varying from UF to
10UF . In figure 16, a similar study on the eﬀect of velocity is conducted with
damping ζh = 0.2. The maximum power coeﬃcient is obtained at a velocity
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just over the flutter velocity and drops rapidly for higher velocities.
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Figure 16: Eﬀect of freestream velocity (with damping): comparison of LCO characteristics
for increasing values of ζh (from left to right). First row: pitch angle; second row: plunge
per unit chord; third row: power coeﬃcient.
The maximum power capture eﬃciency observed in this study is 4.4%.
Researchers such as Kinsey and Dumas [14] have reported eﬃciencies as
high as 34% in an oscillating-foil system. In these cases however, a passive
aeroelastic system was not considered; instead, an “ideal” combination of
pitch and plunge kinematics corresponding to high power extraction eﬃciency
were prescribed. It is unclear if these ideal kinematics can be obtained by a
passive system through a suitable choice of parameters. This problem must
be considered in future research.
4. Conclusions
Numerical aeroelastic simulations were performed to investigate limit-
cycle oscillations of a 2DOF fully-passive flat plate at Re = 10, 000. The
eﬀect of various system parameters on the onset of aerodynamic flutter and
on the resulting system response characteristics were investigated.
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The nondimensional flutter velocities determined in this research were
diﬀerent from the theoretical/inviscid values derived in the limit of infinite
Re. The diﬀerences were especially pronounced for values of frequency ratios
greater than 0.5. The flutter velocities in this research were always higher
than the corresponding inviscid values, consistent with a more stable and
viscous regime. For all frequency ratios considered, when the system was
provided with small initial conditions, the response of the flat plate con-
verged to zero if the freestream velocity was lower than the flutter velocity.
At velocities greater than the flutter velocity, growing oscillations are seen,
which are limited by nonlinearities such as fluid dynamic flow separation and
vortex shedding, ultimately resulting in limit-cycle oscillations (supercriti-
cal). Subcritical limit-cycle oscillations at freestream velocities lower than
the flutter velocity were observed when the system was provided with a large
initial perturbation.
The aeroelastic system with frequency ratios between 0.25–0.75 evinced
single-period LCOs for values of freestream velocity up to 10 times that of the
corresponding flutter velocity. At velocities just over the flutter velocities,
sinusoidal LCOs with high pitch amplitudes, low plunge amplitudes, high
reduced frequencies and zero drift (mean value) in plunge were seen. With
increase in freestream velocity, the responses became less sinusoidal, along
with decrease in pitch amplitude, increase in plunge amplitude, decrease in
reduced frequency and increase in plunge drift. At low values of freestream
velocity, the shed LEVs were stronger and more concentrated, while at higher
velocities, they were more diﬀused/smeared. At frequency ratios of 1.0 and
1.2, the response had oscillations of varying peaks with a secondary frequency
very close to the dominant one (quasiperiodic oscillations).
Cubic stiﬀening was seen to be a potentially beneficial addition to the
aeroelastic system from the perspective of power harvesting. Positive cu-
bic stiﬀening resulted in LCOs having reduced pitch and plunge amplitudes
(corresponding to higher power extraction eﬃciencies) and higher frequen-
cies. It also made the responses more sinusoidal and reduced the mean drift
in plunge. The addition of cubic stiﬀening to the system was able to modify
quasiperiodic oscillations (at high frequency ratios) into single-period oscil-
lations.
Power extraction from the system was studied by introducing a viscous
damping term in plunge to model the eﬀect of the generator. The power coef-
ficient was maximum at velocities just over the flutter velocity, and dropped
in value for higher velocities. The power coeﬃcient was seen to increase
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proportional to the value of damping ratio, though high values of the latter
resulted in increase of flutter onset velocity. Notably, the power extraction
eﬃciencies (< 5%) were smaller than those seen in other renewable energy
technologies and in previous investigations of flapping-foil harvesters using
prescribed kinematics. It is conceivable that higher eﬃciencies are possible
with combinations of parameters other than those considered in this research
(and at higher Reynolds numbers). The parameters here were chosen with a
aim towards broadly identifying and classifying the dynamics of the aeroe-
lastic system and not towards optimizing power extraction. Nevertheless,
the “cut-in” flow velocities here are potentially lower than those required for
competing technologies, with the highest power being available at velocities
just slightly higher than the cut-in velocity. This makes the oscillating-
foil harvester suitable for “scavenging” energy in low-speed flows such as in
canals.
A good understanding of the basic aeroelastic system’s dynamics at Re =
10, 000 has been obtained through this research. More research is neces-
sary to study in detail the influence of cubic stiﬀening and damping, and
the properties of the system at higher Reynolds numbers. An optimiza-
tion problem for maximizing power extraction through this system must also
be undertaken. To investigate the system characteristics at higher Reynolds
numbers, experimental/computational campaigns such as those performed in
this research are recommended. For power optimization problems, the devel-
opment of suitably validated low-order models (e.g. semi-empirical methods,
discrete-vortex methods) is necessary owing to sheer expanse of the overall
parameter space. These low-order models must be able to account for aero-
dynamic nonlinearities such as flow separation oﬀ the surface of the airfoil
and leading-edge vortex shedding. They must also model viscous diﬀusion in
order to predict the correct flutter velocity at low Reynolds numbers. The
qualitative and quantitative results obtained through this research provide a
good basis for the development and validation of such low-order models.
5. Acknowledgments
The authors thank the Carnegie Trust for the Universities of Scotland
who supported this project via the Collaborative Research Grant titled “In-
vestigation of Flapping Wings as a Means of Hydroelectric Power Gener-
ation”. Results were obtained using the EPSRC funded ARCHIE-WeSt
32
1830
1831
1832
1833
1834
1835
1836
1837
1838
1839
1840
1841
1842
1843
1844
1845
1846
1847
1848
1849
1850
1851
1852
1853
1854
1855
1856
1857
1858
1859
1860
1861
1862
1863
1864
1865
1866
1867
1868
1869
1870
1871
1872
1873
1874
1875
1876
1877
1878
1879
1880
1881
1882
1883
1884
1885
1886
1887
1888
High Performance Computer (www.archie-west.ac.uk), EPSRC grant num-
ber EP/K000586/1.
[1] R. L. Bisplinghoﬀ, H. Ashley, Aeroelasticity, Courier Dover Publications,
1996.
[2] Y. Fung, An introduction to the theory of aeroelasticity, Courier Dover
Publications, 2002.
[3] M. Hamamoto, Y. Ohta, K. Hara, T. Hisada, Application of fluid–
structure interaction analysis to flapping flight of insects with de-
formable wings, Advanced Robotics 21 (1-2) (2007) 1–21.
[4] T. Nakata, H. Liu, Aerodynamic performance of a hovering hawkmoth
with flexible wings: a computational approach, Proceedings of the Royal
Society B: Biological Sciences 279 (1729) (2012) 722–731.
[5] G. K. Taylor, M. S. Triantafyllou, C. Tropea, Animal locomotion,
Springer-Verlag, 2010.
[6] J. Young, J. Lai, M. F. Platzer, A review of progress and challenges in
flapping foil power generation, Progress in Aerospace Sciences 67 (2014)
2–28.
[7] Q. Xiao, Q. Zhu, A review on flow energy harvesters based on flapping
foils, Journal of Fluids and Structures 46 (2014) 174 – 191.
[8] E. Shimizu, K. Isogai, S. Obayashi, Multiobjective design study of a
flapping wing power generator, Journal of Fluids Engineering 130 (2)
(2008) 021104.
[9] C. P. Ellington, C. van den Berg, A. P. Willmott, A. L. R. Thomas,
Leading-edge vortices in insect flight, Nature 384 (1) (1996) 626–630.
[10] W. Shyy, H. Liu, Flapping wings and aerodynamic lift: The role of
leading-edge vortices, AIAA Journal 45 (12).
[11] C. P. Ellington, The novel aerodynamics of insect flight: applications
to micro-air vehicles, Journal of Experimental Biology 202 (23) (1999)
3439–3448.
33
1889
1890
1891
1892
1893
1894
1895
1896
1897
1898
1899
1900
1901
1902
1903
1904
1905
1906
1907
1908
1909
1910
1911
1912
1913
1914
1915
1916
1917
1918
1919
1920
1921
1922
1923
1924
1925
1926
1927
1928
1929
1930
1931
1932
1933
1934
1935
1936
1937
1938
1939
1940
1941
1942
1943
1944
1945
1946
1947
[12] M. H. Dickinson, K. G. Gotz, Unsteady aerodynamic performance of
model wings at low Reynolds numbers, Journal of Experimental Biology
174 (1) (1993) 45–64.
[13] J. Anderson, K. Streitlien, D. Barrett, M. Triantafyllou, Oscillating Foils
of High Propulsive Eﬃciency, Journal of Fluid Mechanics 360 (1) (1998)
41–72.
[14] T. Kinsey, G. Dumas, Parametric study of an oscillating airfoil in a
power-extraction regime, AIAA Journal 46 (6) (2008) 1318–1330.
[15] T. Theodorsen, General theory of aerodynamic instability and the mech-
anism of flutter, NACA Rept. 496 (1935).
[16] T. Theodorsen, I. E. Garrick, Flutter calculations in three degrees of
freedom, NACA Rept. 741 (1942).
[17] B. H. K. Lee, S. J. Price, Y. S. Wong, Nonlinear aeroelastic analysis
of airfoils: bifurcation and chaos, Progress in Aerospace Sciences 35 (3)
(1999) 205–334.
[18] B. H. K. Lee, L. Y. Jiang, Y. S. Wong, Flutter of an airfoil with a cubic
restoring force, Journal of Fluids and Structures 13 (1) (1999) 75–101.
[19] S. J. Price, H. Alighanbari, B. H. K. Lee, The aeroelastic response of a
two-dimensional airfoil with bilinear and cubic structural nonlinearities,
Journal of Fluids and Structures 9 (2) (1995) 175–193.
[20] O. O. Bendiksen, Review of unsteady transonic aerodynamics: Theory
and applications, Progress in Aerospace Sciences 47 (2) (2011) 135–167.
[21] J. G. Leishman, Principles of Helicopter Aerodynamics, Cambridge
Aerospace Series, 2002.
[22] K. D. Jones, K. Lindsey, M. F. Platzer, An investigation of the fluid-
structure interaction in an oscillating-wing micro-hydropower generator,
Transactions on the Built Environment 71.
[23] S. Amandolese, X. Michelin, M. Choquel, Low speed flutter and limit
cycle oscillations of two-degree-of-freedom flat plate in a wind tunnel,
Journal of Fluids and Structures 43 (2013) 244 – 255.
34
1948
1949
1950
1951
1952
1953
1954
1955
1956
1957
1958
1959
1960
1961
1962
1963
1964
1965
1966
1967
1968
1969
1970
1971
1972
1973
1974
1975
1976
1977
1978
1979
1980
1981
1982
1983
1984
1985
1986
1987
1988
1989
1990
1991
1992
1993
1994
1995
1996
1997
1998
1999
2000
2001
2002
2003
2004
2005
2006
[24] R. Kamakoti, W. Shyy, Fluid–structure interaction for aeroelastic ap-
plications, Progress in Aerospace Sciences 40 (8) (2004) 535–558.
[25] Z. Peng, Q. Zhu, Energy harvesting through flow-induced oscillations of
a foil, Physics of Fluids 21 (123602).
[26] Q. Zhu, M. Haase, C. H. Wu, Modeling the capacity of a novel flow-
energy harvester, Applied Mathematical Modelling 33 (5) (2009) 2207–
2217.
[27] J. Young, M. A. Ashraf, J. C. S. Lai, M. F. Platzer, Numerical simulation
of fully passive flapping foil power generation, AIAA Journal 51 (11)
(2013) 2727–2739.
[28] Q. Zhu, Z. Peng, Mode coupling and flow energy harvesting by a flapping
foil, Physics of Fluids 21 (3) (2009) 033601.
[29] Z. Wang, L. Du, J. Zhao, X. Sun, Structural response and energy extrac-
tion from a fully passive flapping foil, Journal of Fluids and Structures
72 (2017) 96 – 113.
[30] K. Jones, M. Platzer, K. Jones, M. Platzer, Numerical computation of
flapping-wing propulsion and power extraction, AIAA Paper 1997–0826.
[31] K. Ramesh, A. Gopalarathnam, J. R. Edwards, M. V. Ol, K. Granlund,
An unsteady airfoil theory applied to pitching motions validated against
experiment and computation, Theoretical and Computational Fluid Dy-
namics 27 (6) (2013) 843–864.
[32] K. Ramesh, A. Gopalarathnam, K. Granlund, M. V. Ol, J. R. Edwards,
Discrete-vortex method with novel shedding criterion for unsteady airfoil
flows with intermittent leading-edge vortex shedding, Journal of Fluid
Mechanics 751 (2014) 500–538.
[33] P. Hammer, A. Altman, F. Eastep, Validation of a Discrete Vortex
Method for Low Reynolds Number Unsteady Flows, AIAA Journal
52 (3) (2014) 643–649. doi:10.2514/1.J052510.
[34] X. Xia, K. Mohseni, Lift evaluation of a two-dimensional pitching flat
plate, Physics of Fluids 25 (9). doi:http://dx.doi.org/10.1063/1.4819878.
URL http://scitation.aip.org/content/aip/journal/pof2/25/
9/10.1063/1.4819878
35
2007
2008
2009
2010
2011
2012
2013
2014
2015
2016
2017
2018
2019
2020
2021
2022
2023
2024
2025
2026
2027
2028
2029
2030
2031
2032
2033
2034
2035
2036
2037
2038
2039
2040
2041
2042
2043
2044
2045
2046
2047
2048
2049
2050
2051
2052
2053
2054
2055
2056
2057
2058
2059
2060
2061
2062
2063
2064
2065
[35] C. Wang, J. D. Eldredge, Low-order phenomenological modeling of
leading-edge vortex formation, Theoretical and Computational Fluid
Dynamics 27 (5) (2012) 577–598.
[36] Z. Liu, J. C. S. Lai, J. Young, F. Tian, Discrete vortex method with flow
separation corrections for flapping-foil power generators, AIAA Journal.
[37] K. Ramesh, J. Murua, A. Gopalarathnam, Limit-cycle oscillations in
unsteady flows dominated by intermittent leading-edge vortex shedding,
Journal of Fluids and Structures 55 (2015) 84 – 105.
[38] M. Bryant, J. C. Gomez, E. Garcia, Reduced-order aerodynamic model-
ing of flapping wing energy harvesting at low Reynolds number, AIAA
Journal 51 (12) (2013) 2771–2782.
[39] S. Sarkar, H. Bijl, Nonlinear aeroelastic behavior of an oscillating airfoil
during stall-induced vibration, Journal of Fluids and Structures 24 (6)
(2008) 757–777.
[40] W. McKinney, J. DeLaurier, Wingmill: an oscillating-wing windmill,
Journal of energy 5 (2) (1981) 109–115.
[41] C. Boragno, R. Festa, A. Mazzino, Elastically bounded flapping wing
for energy harvesting, Applied Physics Letters 100 (25) (2012) 253906.
[42] G. Boccalero, S. Olivieri, A. Mazzino, C. Boragno, Power harvesting
by electromagnetic coupling from wind-induced limit cycle oscillations,
Smart Materials and Structures 26 (9) (2017) 095031.
[43] G. Z. McGowan, K. Granlund, M. V. Ol, A. Gopalarathnam, J. R.
Edwards, Investigations of lift-based pitch-plunge equivalence for airfoils
at low Reynolds numbers, AIAA Journal 49 (7) (2011) 1511–1524.
[44] M. V. Ol, L. Bernal, C. K. Kang, W. Shyy, Shallow and deep dynamic
stall for flapping low Reynolds number airfoils, Experiments in Fluids
46 (5) (2009) 883–901.
[45] M. V. Ol, A. Altman, J. D. Eldredge, D. Garmann, Y. Lian, Re´sume´
of the AIAA FDTC low Reynolds number discussion groups canonical
cases, AIAA paper 2010–1085 (2010).
36
2066
2067
2068
2069
2070
2071
2072
2073
2074
2075
2076
2077
2078
2079
2080
2081
2082
2083
2084
2085
2086
2087
2088
2089
2090
2091
2092
2093
2094
2095
2096
2097
2098
2099
2100
2101
2102
2103
2104
2105
2106
2107
2108
2109
2110
2111
2112
2113
2114
2115
2116
2117
2118
2119
2120
2121
2122
2123
2124
[46] P. R. Spalart, S. R. Allmaras, A one-equation turbulence model for
aerodynamic flows, AIAA Paper 92–0439 (1992).
[47] M. R. Visbal, High-fidelity simulation of transitional flows past a plung-
ing airfoil, AIAA Journal 47 (11) (2009) 2685–2697.
[48] P. Catalano, R. Tognaccini, Turbulence modeling for low-Reynolds-
number flows, AIAA Journal 48 (8) (2010) 1673–1685.
[49] A. Travin, M. Shur, M. Strelets, P. Spalart, Detached-eddy simulations
past a circular cylinder, Flow Turbulence and Combustion 63 (2000) 293
– 313.
[50] N. M. Newmark, A method of computation for structural dynamics,
Journal of the Engineering Mechanics Division 85 (EM3) (1959) 67 –
94.
[51] J. A. Dunnmon, S. C. Stanton, B. P. Mann, E. H. Dowell, Power ex-
traction from aeroelastic limit cycle oscillations, Journal of Fluids and
Structures 27 (8) (2011) 1182–1198.
[52] I. Viola, P. Bot, M. Riotte, On the uncertainty of cfd in sail aerody-
namics, International Journal for Numerical Methods in Fluids 72 (11)
(2013) 1146–1164.
[53] P. J. Roache, Verification of codes and calculations, AIAA journal 36 (5)
(1998) 696–702.
[54] J. Murua, R. Palacios, J. Peiro´, Camber eﬀects in the dynamic aeroe-
lasticity of compliant airfoils, Journal of Fluids and Structures 26 (4)
(2010) 527–543.
[55] C. Bose, S. Sarkar, Flexible flapping wings can exhibit quasi-periodic
motion!, Vol. 759, IOP Publishing, 2016, pp. 1–7.
37
2125
2126
2127
2128
2129
2130
2131
2132
2133
2134
2135
2136
2137
2138
2139
2140
2141
2142
2143
2144
2145
2146
2147
2148
2149
2150
2151
2152
2153
2154
2155
2156
2157
2158
2159
2160
2161
2162
2163
2164
2165
2166
2167
2168
2169
2170
2171
2172
2173
2174
2175
2176
2177
2178
2179
2180
2181
2182
2183
